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The fundamental theorem of utility maximization (called FTUM hereafter) says that the utility 
C^l . maximization admits solution if and only if there exists an equivalent martingale measure. This the- 

orem is true for discrete market models (where the number of scenarios is finite) , and remains valid 
for general discrete-time market models when the utility is smooth enough. However, this theorem 
-in this current formulation- fails in continuous-time framework even with nice utility function, 
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Abstract 



N— . . where there might exist arbitrage opportunities and optimal portfolio. This paper addresses the 

question how far we can weaken the non-arbitrage condition as well as the utility maximization 
1£h ■ problem to preserve their complete and strong relationship described by the FTUM. As application 

of our version of the FTUM, we establish equivalence between the No-Unboundcd-Profit-with- 
Bounded-Risk condition, the existence of numeraire portfolio, and the existence of solution to the 
utility maximization under equivalent probability measure. The latter fact can be interpreted as 
a sort of weak form of market's viability, while this equivalence is established with a much less 
qq 1 technical approach. Furthermore, the obtained equivalent probability can be chosen as close to the 

Q\ . real- world probability measure as we want (but might not be equal) . 

irv 

1 Introduction 

Since its birth in Bachelier's thesis, mathematical finance has three pillars with immense success among 
many topics. These pillars are utility maximization, non-arbitrage, and equivalent martingale measures 
(called UM, NA, and EMM respectively hereafter). The last two pillars have been linked to each other 
^ 1 for particular models by Kreps in |34j . Harrison-Pliska in [23], Dalang-Morton-Willinger in [IT]. This 

equivalence between NA and existence of EMM has been termed in the literature as the fundamental 
theorem of asset pricing (FTAP hereafter). For the most general framework, Delbaen and Schacher- 
mayer strengthened the non-arbitrage condition (by considering No- Free-Lunch- with- Vanishing- Risk), 
and weakened the EMM (by considering cr-martingale measures) , in order to establish the very general 
version of the FTAP with the same original spirit in their seminal works |13] and |14] , The FTAP 
had been extended very successfully in many directions such as markets with proportional transaction 
costs, where the works of Kabanov and J ouini/Kallal (see [25] and [21]) play a foundational role in 
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the literature. 



The equivalence between the UM and NA (or UM and EMM) was proved in discrete markets (when the 
sample space has finite number of scenarios) and it goes back to Arrow and Debreu (seepQ and |10j). 
Inspired by the FTAP terminology, Kallsen baptized this equivalence between EMM and UM (see [26\ 
) as the fundamental theorem of utility maximization (FTUM hereafter). This theorem was extended 
to the general discrete-time framework with smooth enough utility function. We refer the reader to 
[26j and [36j for this extension. In the latter paper, the authors discussed weaker assumptions on the 
utility that imply the existence of the optimal solution. The utility maximization problem (called also 
Merton's problem) had been intensively investigated under the existence of EMM (the strongest form 
of NA) which allows authors to use the two rich machineries of martingale theory and convex duality. 
These works can be traced back to [32], [18], [15] and [27], and the references therein to cite few. The 
main results in this literature focus on finding assumptions on the utility function for which versions of 
duality can hold, and/or solutions to both the primal problem and its dual problem will exist. Thus, 
the question of how the existence of optimal portfolio is connected to NA (weak or strong form) has 
been forgotten for the continuous-time context. Recently, Frittelli addressed this relationship in [19] 
from a different angle. The author defined a market's non-arbitrage using classes of agent's preferences 
and connected his new non-arbitrage concepts to the existing ones. He also proved the existence of 
an absolutely continuous separating measure with nice integrability feature, whenever the optimal 
value function of the utility maximization is finite. On one hand, this last statement does not imply 
non-arbitrage because of the absence of equivalence between measures within the statement. On the 
other hand, [IU] as whole work, can not be applied to model of [35] and Example of Section [3J 

Herein, we are interested in deriving the exact version of the FTUM -a la Delbaen and Schachermayer- 
by weakening the non-arbitrage condition and/or the utility maximization problem. The obtained ver- 
sion of the FTUM constitutes our first main result, while its application to numearire portfolio and 
market's weak viability represents our second main result. The numeraire portfolio is another inter- 
esting problem that took large part of the literature since early nineties by the works of Artzner, 
Becherer, Biihlmann, Christensen, Karatzas, Kardaras, Korn, Larsen, Long, Platen, Schal, and Sass 
(see [2], [5J, [31], [33], [9], [39], and the references therein). Herein, our main contribution to this 
extensive literature lies in the approach (which is less technical comparing with [31] for instance) and 
more importantly in establishing close ties between numeraire portfolio and the existence of solution 
of utility maximization for a larger class of utilities (not only log) without any assumption. Precisely, 
by using equivalent change of probability, we elaborate the equivalence described above. This change 
of probability might be economically interpreted as a weak form of market's viability. 

This paper is organized as follows. In the next section, we will describe the mathematical model 
and present some preliminaries that will be useful through out the paper. The third section contains 
the new version of the Fundamental Theorem of Utility Maximization. This version is established for 
utilities with effective domain (0, +oo) and H, and for exponential utility in three separate subsections. 
The last section is devoted to our second main contribution which lies in numeraire portfolio and 
market's weak viability. 

2 Preliminaries 

We start by a filtered probability space (O, F, (F^OKtKT, P), where the filtration satisfies the usual 
condition of right continuity and completeness. On this stochastic base, we consider a d-dimensional 
semi-martingale (St)o<t<T, that represents the discounted price of ci-risky assets. The space of mar- 
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tingales will be denoted by A4(P), and the set of predictable processes that are 5-integrable will be 
denoted by L(S). 

As usual, A + (Q) denotes the set of increasing, right-continuous, adapted and Q-integrable processes. 

If C is a class of processes, we denote by Co the set of processes X that belong to C with Xq = and 
by Cioc the set of processes X such that there exists a sequence of stopping times, (T n ) n >x, increasing 
stationarily to T (i.e., P(T n = T) — > 1 as n — > oo) and the stopped process X Tn belongs to C. We put 
Co,ioc = ConCz oc . Below, we recall a lemma from [20J (see Lemma 1.35) that addresses the localization 
stability. 

Lemma 2.1. Let C and C be two classes of processes that are stable under stopping. Then 

(a) Cioc is stable under stopping and {Ci oc ) loc = Ci oc . 

(b) (cnc') loc = c loc nc' loc . 

Below we define the admissibility for strategies that will be used through out the paper. 
Definitions 2.2. Let H = (Ht)o<t<T be a predictable process. 

(i) For any positive constant a > 0, H is called a-admissible if H is S-integrable and (H ■ S)t > 
—a, P — a.s for any t 6 [0,T]. 

(ii) We say H is admissible if there exists a positive constant a such that H is a-admissible. 

For any x > 0, we define the set of wealth processes obtained from admissible strategies with initial 
capital x by 

X{x) := {X > | 3 9 G L{S), X = x + 9 • S } , X + {x) := {X G X(x) | X > } , 

(2.1) 

K(x) := {Y G L°(P) | 3 X G X(x), Y = X T - x) . 

Definitions 2.3. 5 satisfies no-arbitrage (called hereafter NA) if for any admissible strategy H such 
that (H ■ S)t > 0, implies (H ■ S)t = 0, P — a.s. 

Definitions 2.4. S satisfies the no-unbounded-profit-with-bounded-risk (called hereafter NUPBR) con- 
dition if the set /C(l) is bounded in probability. 

Definitions 2.5. A process X is called a a -martingale, if it is a right continuous with left limit (called 
RCLL hereafter) semimartingale for which there exists a predictable process <j) such that < <j) < 1 
and ((f) ■ S) is a local martingale. 

The definition of <r-martingale goes back to Chou [6] (see also [16]). It results naturally when we 
integrate -in the semimartingale sense- an unbounded and predictable process with respect to a local 
martingale. The difference between <r-martingale and local martingale is discussed by Ansel and 
Strieker in [1]. 

Definitions 2.6. A a-martingale density for S is any positive local martingale, Z, such that ZS is a 
o~ -martingale. The set of a-martingale densities for S will be denoted by 

Zloc{S) '■= {Z G Mioc(P) Z > 0, ZS is a a-martingale } (2-2) 

Remark: For any Z G Zi oc (S) and any 9 G L(S) such that 9 ■ S > a (a G K), the process Z{9 ■ S) is 
a local martingale. This follows immediately from Proposition 3.3 and Corollary 3.5 of [3]. 
The exact connection between Zi oc {S) ^ and NUPBR had been established in full generality by 
Takaoka (see |40j for details). This result can be traced back to Choulli and Strieker for the case of 
continuous processes (see [7]), and to Kardaras for the case one-dimensional general semimartingale 
framework (see [30]). Below, we state this important result in its full generality. 
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Theorem 2.7. Let S be a semimartingale. Then, S satisfies the NUPBR condition if and only if 



Beside non-arbitrage concepts, our second main ingredient -that we will deal with through out the 
paper- is the agent's preference (utility function). Below, we provide its definition and the corre- 
sponding admissible set of strategies. 

Definitions 2.8. A utility function is a function that we denote by U, and for which there exists uq G 
[—oo,0] such that (iio,+oo) contains the effective domain of U , and U is continuously differentiate, 
strictly increasing and strictly concave on this domain. 

For a utility function U, a semimartingale X and a probability Q, the set of admissible portfolios will 
be denoted by 



When Q = P and U is fixed, we simply denote Aad m (a, S). 

The following lemma is a variant of Kolmos' argument and is borrowed from [13J. 
Lemma 2.9. (see Lemma Al.l in U3)j ) 

Let (f n ) be a sequence of [0, +oo[ valued measurable functions on a probability space (O, J 7 , P). There 
is a sequence g n G conv(fi, I > n) such that g n converges almost surely to a [0, +00] valued function 
g, and the following properties hold: 

(1) If conv{f n ,n > 1) is bounded in L , then g is finite almost surely, 

(2) If there are c > and 5 > such that for all n 



then P(g > 0) > 0. 

The convergence of the sequence in this lemma is termed in the literature by Fatou's convergence. 
The dynamic version of this convergence (given below) is borrowed from [T7] and has been frequently 
used in the literature. 

Definitions 2.10. Let J be a dense subset 0/R+. A sequence of processes (X n ) is called Fatou 
convergent on J to a process X if (X n ) is uniformly bounded from below, and if for any t > we have 



If 3 = R+, the sequence (X n ) is called simply Fatou convergent. 

Therefore, the dynamic version of Lemma 12.91 can be found, again, in [T7j and is recalled below. 

Lemma 2.11. (1) Let {X n ) be a sequence of supermartingales which are uniformly bounded from 
below such that X n > 0. Let J be a dense countable subset o/R+. Then there is a sequence Y n 6 
conv(X n , X n+1 , ■ ■ •) and a supermartingale Y such that Yq < and (Y n ) is Fatou convergent on J to 
Y. 

(2) Let (^4 n )n>i be a sequence of increasing processes such that Aq = 0. There is a sequence B n G 
conv(A n , A n+1 , • • •) and an increasing process B with values in R + such that (B n ) is Fatou convergent 
to B. If there are T > 0, a > and 5 > such that P(A% > a) > 5 for all n>l, then P(B T > 0) > 0. 




H G L(X), H-X>-a & E Q V~ (a + (H ■ S) T ) < +00 



} • (2-3) 



P(fn >C)>5, 



Xt = lim sup lim sup X" = lim inf lim inf X™ . 

slt,s£j "->oo slt,s£j n->oo 
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The importance of this lemma lies mainely in the optional decomposition of Kramkov (see [28]). that 
we will use in our proof. In fact, we will use its weakest form that was elaborated by Strieker and 
Yan in Theorem 2.1 of [38], where the authors used the set Zi oc (S) instead of the set of c-martingale 
measures. As a direct consequence of Lemma 12.111 and Theorem 2.1 of [38], we obtain the following 

Corollary 2.12. Suppose that Zi 0C (S) ^ 0. Let (O n )n>i such that 9 n £ L(S) and 8 n • S > —1. Then 
there exist 6 G L(S) and a nondecreasing process C such that 9 ■ S > — 1, Cq = 0, and 

1 + 6 n ■ S Fatou convergeges to 1 + 6 ■ S — C. (2.4) 



3 The Fundamental Theorem of Utility Maximization 

This section discusses one of the main contributions of the paper. Precisely, we describe the exact re- 
lationship between existence of solution to the localized utility maximization problem and the NUPBR 
concept. By the localized utility maximization problem, we mean the sequence of utility maximization 
problems obtained when stopping S with a sequence of stopping times that increases stationarily to 
T. The intuitive idea behind this connection lies in the simple remark that the NUPBR concept is 
stable under the localization procedure. This stability is stated below. 

Proposition 3.1. Suppose that there exists a sequence of stopping times (r n ) ra >o increasing station- 
arily to T, such that for each n > 0, S Tn satisfies NUPBR. Then, S satisfies NUPBR. 

Proof. Let c > 0, and n > 1. Then, if we put 

K(1,S) :={9e L(S) | 6-S> -1}, 
then /C(l, S) C /C(l, S T ) for any stopping time r. Thus we derive 



sup P((6-S) T >c) < sup P l(6-S) Tn >c )+P{T>T n ). 

eeK(i,s) v ' ee/c(i,S T ") v ' 

Then, by taking the letting c goes to infinity, we deduce that 

lim sup P((9 • S) T >c)< P(T > r n ), 
c ^+°°ee/c(i,s) v ' 

for any n > 1. This obviously implies the boundedness in probability of {(8-S)t & P(S) 0'$ ^ — !}• 
This ends the proof of the proposition. □ 

Remark: It is very clear from the previous proposition that NUPBR is a dynamic/local property for 
S, while the NA property is defined in static manner. More importantly, we can not substitute the 
NUPBR by NA in Proposition 13.11 In other words, in general, we can find a sequence of stopping 
times (r n )>i increasing stationarily to T, and S such that S Tn satisfies NA, while NA fails globally 
(for S). This is one of the main idea behind Delbaen and Schachermayer (1995). For the sake of 
completeness, below we provide a counterexample of S satisfying No- Free-Lunch-with- Vanishing- Risk 
(see [12] and [13] for the definition of this condition that we call NFLVR hereafter) locally, but the 
NFLVR fails globally. 



Example: Consider the following market model where there is one stock on the finite time horizon 
[0, 1], with Sq = 1 and S satisfying the stochastic differential equation dSt = (1/St)dt + dfit- Here /3 
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is a standard, one dimensional Brownian motion, so S is the three-dimensional Bessel process. This 
example was considered in quite a number of papers starting with [T2], [3J, and [31] ■ Put, 

dX t := dS t /S t = {l/S 2 t )dt + {l/S t )dPt. 

The numeraire portfolio exists and is given by l/S = £(-^ ■ P) which is a local martingale. Then, it 
is easy to calculate 

log(£(A» = f ^dp u + \ f -^du, and E [ -^du < 8 + T < +00. 

io 2 io &u JO 

This proves that i • /3 is a square integrable martingale and log(<?(X)r) is an integrable random 
variable. Hence, a combination of this with the supermartingale of f° r an Y $ £ ^(5*) such that 

1 + 6 • S > 0, we obtain 



E [log(l + 6 ■ 5i)] - £ pog(f (X)i)] = £ 



< log ( E 



i+e-Si 



< 0. 



Then, we deduce that both the optimal portfolio and arbitrage opportunities exist (see [31]). Hence, 
this example provides evidence that the existence of solution to the utility maximization does not 
guarantee the existence of equivalent martingale measure. Therefore, the Fundamental Theorem of 
Utility Maximization -in its original form as stated in the abstract- is violated for this continuous-time 
model even when the utility is so nice. 

3.1 The case of positive wealth 

In this subsection, we focus on the case where the utility function U satisfies 

dom(tf) = (0, +00), U'(0) = +00, £7' (00) = 0, & limsup < 1, (3.5) 

where dom(C/) denotes the effective domain of U (i.e. the set of x S E such that —00 < U(x)). Below, 
we state our main result of this subsection. 

Theorem 3.2. Let U be a utility function such that dom(U) = (0, +00) and \3. 5\) holds. Suppose 
that there exists a sequence of increasing stopping times (T n ) n >i that increases stationarily to T and 
x n > such that 

sup Eu(x n + [6 ■ S) Tn ) < +00, Vn>l. (3.6) 
Then, the following are equivalent: 

(1) There exists a sequence of stopping times (r n ) n >x that increases stationarily to T such that for 
any n > 1 and any initial wealth xq > 0, there exists 9^ G A a dm(xo, S Tn ) such that 

max EU(x + (0 • S) Tn ) = Eu(x + (0» • S) Tn ) < +00 (3.7) 

(2) S satisfies NUPBR. 



Notice that the most innovative part of this theorem is the implication (1) =^ (2). It is worthwhile to 
notice that for this implication the assumption (|3.6|) is irrelevant. In our view, this theorem establishes 
the exact connection between the utility maximization and the Non-arbitrage condition for the general 
semimartingale framework. The reverse implication follows from the seminal work of Kramkov and 
Schachermayer (see [27]) as it will be detailed in the proof. 
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Proof, of Theorem \3.2c We start proving the easiest part of the theorem, that is (2) ==> (1). Thus, 
suppose that S satisfies NUPBR. Thanks to Theorem 12.71 we conclude the existence of a local mar- 
tingale Z > and a predictable process ip such that < tp < 1 and Z{ip ■ S) £ Aii 0C (P). Then, for any 
9 G L(<5) we have 9 ■ S = 9^ ■ where 9^ := 9/ip and := ip ■ S. Thus, without loss of generality, 
we assume that ZS is a local martingale. Consider an increasing sequence of stopping times, (<7 n ) n >i, 
that increases stationarily to T such that both Z° n and Z an S an are true martingales. Put 

Q n := Z an ■ P, r n := T n A a n f T. 

Then, Q n is an equivalent martingale measure for S an . Since 0_Z|o )Tn j S -A-adm ( x n > S 1 ^™ ) whenever 
G Adm(^n,5' Tn ), we derive 

sup ( x n + (9 ■ S) Tn J < sup EU ( x n + (ip ■ S)t„) < +oo, Mn. 

Therefore, a direct application of Theorems 2.1 and 2.2 of [27]^ implies that for any n > and initial 
wealth xo > 0, there exists an xo-admissible optimal strategy 9^> for S Tn , such that 

max Eu(x Q + (0 • sO = Eu(x Q + (0 {n) • S) Tn ) < +oo. 

This proves assertion (1). In the remaining part of the proof we focus on proving (1) ==^ (2). Suppose 
that assertion (1) holds, and consider xo = 1 + r such that r 6 dom(t7) (i.e. U(r) > — oo). Then, 

max Eu(l + r + (9- S) Tn ) = Eu( 1 + r + (9- S) Tn ) < +oo. 

For the sake of simplicity, we put r := r n in what follows. Then, the NUPBR for S T is equivalent to 
the boundeness in probability of 

K, := {(H ■ S) T \H is a 1-admissible strategy for S T }. 

Suppose that K, is not bounded in L (P). Then, there exist a sequence of 1-admissible strategy 
(9 m ) m >i, a sequence of positive real numbers, (c m ) m >i, that increases to +oo, and a > such that 

p({9 m -S) T >c m ) >q>0. 

Consider a sequence of positive numbers, (5 n ) n >o> such that 

< d~ m — )■ 0, and <5 m c m — )• +oo. 
It is obvious that such sequence always exists (take 5 n := l/y / c^T). Then, put 

X m := 5 m (9 m ■ S) T > -5 m ,Vm > 1. 

Hence, an application of Kolmos's argument to (X n + 5 n ) n >o (see Lemma [279]) . we deduce the existence 
of a sequence of random variables, (g n )n>i, such that 

< 9n '■— y ] ot m X m + ctm^m £ convf X m + 5 m , m > n J , 
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and g n converges almost surely to X > 0, with P(X > 0) > 0. 



Since y n := J2m=n a m$m converges to zero, we conclude that 



n < X n := a m^m{G m ■ S) T converges to X P — a.s., and 



-y 



-(1 + r)(l - y n ) < X n := (1 - y n )(9 ■ S) T converges to (9 ■ S) T P-a.s. 
Consider the new trading strategies 

N n Nn N n 



e {n) ._ ^ a m 5 m 9 m + (l - ^ a m S m J9 = a m 5 m 6 m + (1 - y n )6. 

m=n m=n m=n 

Then, it is easy to check that 1 + r + 9^ ■ S T = 1 + r + X n + X n > y n r > (due mainely to — y n < X„ 
and —(1 + r)(l — y n ) < X n ). Furthermore, due to the concavity of U, we have 

u(l + r + (dV)-S) T 



= U[l + r + X n + X n 

= u(l + r + X n + (l-y n )(9-S) T 

> u(l+r-y n + (l-y n )(9-S) 
= u(y n r+(l-y n )\l+r + {9-S) 

> y n U(r) + {l-y n )u(l + r + {9-S) T 



This implies that 9^ G A a dm{l + r,S T ). On one hand, a combination of the previous inequality and 
Fatou's Lemma implies that 



E^U (l + r + X + (6- S) T ) -U(l + r + (9-S) T 



= E {lim \u(l + r + X n + X n ) - (1 - y n )u(l + r + (9 • 5) r ) - y n U(r)\ } 
= E {lim [u(l + r+ ■ S) T ) - (1 - y n )u(l + r + (9 ■ 5) T ) - y„l7(r)] } 

< liminf + r + • 5) r ) - (1 - y„)£/(l + r + (9 ■ S) T ) - y„C/(r)} 

< liminf E{u(l + r + (9- 5) T ) - (1 - y„)C/(l + r + (0 • S) T ) - y rt ?7(r)} = 0. 
On the other hand, since P(X > 0) > and U is strictly increasing, we get 

E{u(l + r + X + {9- S) T ) } > E \u(l + r + (9 ■ S) T ^ 



(3.8) 



This is a contradiction with (j3.8|) . and the NUPBR for is fulfilled. Thanks to Proposition 13. 1\ the 
global NUPBR for S follows immediately, and the proof of the theorem is completed. □ 
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3.2 The case of possible negative wealth 

In this section the utility function U, see Definition 12,81 satisfies 



and 



dom(cT) = M, U'(oo) = 0, U'(-oo) = oo, 



AE +00 {U) := fimsup^P^ < 1, AE^(U) := liminf > 1. 

x ^ +00 U(X) x^-oo U(X) 



(3.9) 



(3.10) 



These conditions are used by Schachermayer in |37J, which are essential in his proofs. In the current 
setting, for the initial capital x, the set of admissible strategies will be denoted by 0(x, S) and is given 
by 



Q(x, S) := \H admissible 



E 



U(x + H- S T ) 



< +oo 



}■ 



(3.11) 



Let us point out the remark in [37] that when the utility maximization problem is bounded by U(oo), 
the required integrability in the definition of Q(x,S) is superfluous and in that case, we shall simply 
put Q(S) for short. 

Below, we state our version of the FTUM for the above class of utilities. 

Theorem 3.3. Let U be a utility function satisfying i3.9\) - [3A0\) . Suppose there exist an increasing 
stopping times (T n ) that increases stationarily to T and x n such that 



Vn. 



sup EU ( x n + (9 ■ S) Tn ) < U(+oo) 



Then the following properties are equivalent: 

(1) There exist a sequence of stopping times (r n ) n >i that increases stationarily to T such that for any 
n > and initial wealth xq, there exist W* G L° and (9 m ) m >i 6 @(xo,S Tn ) such that 



and 



max EU(x + (9 ■ S) Tn 
0ee{x o ,STn) 



lim E 

m 



EU(W*) < U(+oo), 
U(W*)-U(x + 9 m -S Tn ) 1 =0. 



(2) S satisfies NUPBR. 



Proof. We will start proving the easiest part which is (2) ^=^> (1). As in the proof of Theorem 
13.21 we use Theorem 12.71 and conclude the existence of a local martingale density Z > 0, such that 
Z,ZS G M.i oc (P). Consider a localization sequence for Z and ZS that we denote by (cr n ) n >i, then 
Z an and Z an S an are both martingale under P. Put 

Q n := Z°- ■ P, r n := T n A a n | T. 

Thus, Q n is an equivalent martingale measure for S a " and for S Tn . Since 9L ^ Tn ] G 6(x n , S Tn ) whenever 
9 G @(x n ,S Tn ), we get 

sup Eu(x n + (9 ■ S) Tn ) < sup Eu(x n + (ip- S) Tn ) <U(+oo), Vn. 
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Thus by the Theorem 2.2 in [37], it follows that for any n > and initial wealth xq, there exist 
W* G L° and 9 m G G(x , S T " ) such that 



\i~mE 



u{w*) - u(x + e m -s T 



0. 



and 



max M/ [xq + (9 ■ S) Tn = EU(W*) < U(+oo). 



This proves the assertion (1). Now we focus on proving the reverse implication and start with assuming 
that assertion (1) holds. Without loss of generality, we take xq > 1, and due to 



lim E 



U(W*)-U(x + (9 m -S) Tri 



0. 



we obtain the convergence in probability of Uyxo + (6 ■ S) Tn j to U(W*). Thus, [xq + (9 m ■ S) 

converges in probability to W* when m goes to infinity. By taking a subsequence, w.l.o.g., we assume 
that the sequence converges almost surely to W*. Then, for any A G (0, 1) and any 9 £ 0(xo, S Tn ), we 
derive 

A/(A,m) := {c/(x + (9 m ■ S) Tn + A((0 - 9 m ) ■ S) Tn ) 



-XU(W*) - (1 - X)u(x + (9 m ■ 5) Tn ) } 



(3.12) 



> A 



U(x + 9-S Tn )-U(W* 



Since the RHS term in the above inequality is integrable, then due to Fatou's Lemma, this implies 
that 

E[(x + e-S Tn - W*)U'(W*)} =E\^a M0 ^m m f(X,m)] 

< hm A;o hm m i^ {EU(W*) - EU(x + (9 m ■ 5) T j) = 0. 
By combining the inequality < C^'(C) < U(£) - U(0) (for any ^ G L° + (P)) and (|3"7T3D . we obtain 

E[(x + {9 ■ S) Tn )U'{W*)} < E[W*U'{W*)\ < +oo, and 

x E[U'(W*)} < E[W*U'(W*)] < +oo. 
Consider the probability measure, denoted by R, and given by 

U'(W 



(3.14) 



R 



E[U'(W*)} 



■ P. 



Then, (I3T41 implies that 

E R [x + 9 ■ S Tn ] < E R [W*}. (3.15) 

Thus, the set {1 + (9 ■ S) Tn \ 9 G L(S) and (9 ■ S) > —1} is a bounded set in L l (R). This implies 
the boundedness of this set in probability under any equivalent probability and the NUPBR for S Tn 
follows. Thanks to Proposition I3.lt we obtain the global NUPBR for S. This ends the proof of the 
theorem. □ 
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3.3 The case of exponential utility 

Even though the exponential utility is a particular case of Subsection 13.21 it deserves special attention 
for two reasons. The first reason lies in the popularity of the exponential utility, while the second 
reason lies in our belief that for this case, when S is locally bounded, we may obtain more precise 
results with less assumptions. Through out this section the set of admissible strategies for the model 
(X, Q) will be denoted by Q(X, Q), and is given by 



Q(X,Q) := \e G L(X) I E Q (e 



-0-X T 



< +00 



When Q = P, we simply write &(X) := &(X, P) for short. Then, the set of local martingale densities 
that are locally in L log L will be denoted by 

Z e floc (X,Q) := \z > Z, ZX G Mi oc (Q), Zlog(Z) is Q-locally integrable} . (3.16) 

when Q = P, we simply write Zj loc (X). 

Definitions 3.4. Let Z = £(N) > ; where N G -Mo.ioc(P)- Then Zlog(Z) is locally integrable if and 
only if 

V( E \N) := ^{N c ) + + AN) log(l + AN) - Aiv] , (3.17) 

belongs to -A^^P). In this case, its compensator is called the entropy-Hellinger process of Z and is 
denoted by h^ E \Z,P) (see ' L 8] for details). 

Theorem 3.5. Suppose S is locally bounded. Then the following are equivalent: 

(1) There exist a sequence of stopping times (r n )„>i increasing stationarily to T and 6 n G @(S Tn ) 
such that 

min E (e~ 6 ST A = E (e~ e " ST A , Vn > 1. (3.18) 
eee(s^) \ J \ J 

(2) Zl loc (S) * 0. 

Proof, (i) In this part, we will prove (2)^=^(1), for which we will use Theorem 2.1 of [29|. Let (r n ) n >i 
be a sequence of stopping times that increases stationarily to T such that Z Tn is a true martingale and 
Z Tn log(Z Tn ) is integrable. Then S Tn admits an equivalent local martingale measure Q n := Z Tn ■ P with 
finite entropy. Therefore, Theorem 2.1 of [29J implies the existence of an optimal solution 9 n G L(S Tn ) 
for (|3.18p . This proves assertion (2). 

(ii) In the remaining part of this proof, we will prove (1)=>(2). Suppose that assertion (1) holds. 
Since the null strategy G @(S Tn ), then we obtain 

E(e~ ?n - S ^) < E(e-°- s ^) = 1, 

and the integrability of e~ 9 "' STn follows. Put 

Qn = exp(-g"-S T J p 
E (exp(-9 n -S T /' 



and consider a sequence of stopping times (T n ) n >i that increases stationarily to T and S Tn is bounded. 
For any bounded and predictable process 9, we have ±9Ip^ Tn j G Q(S Tn ) as well as 

A := -Xei ]0 , Tn] +9 n e Q(S T -), for any A G (0, 1). 
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This implies that E \e < t >x ' Sr ^ — e e "' Sr n J > o, or equivalently 

E Qn (e AMT » AT » - l) > 0, V A G (0, 1). (3.19) 

Then, by combining concavity (that implies that 1 — e X9 ' ST ™ ATn > A(l — e e ' STnATn )), Fatou's Lemma 
and (|3.19p . we derive 

E Q (9 ■ S TnATn ) < [ e — J < 0. (3.20) 

Since 9 is an arbitrary bounded and predictable process, the above inequality holds for —9 also, and 
hence we conclude that Q n is a martingale measure for S a ", where a n := T n A t„. The density process 
of this martingale measure will be denoted by 



„ _ E{eM~9 n ■ S Tn )\F t 



E (exp(-0» ■ S Tn 



For any 6 G 9(5 T "), and any A G (0,1) put := \9 + (1 - A)0 G 6(5' T "™) U Then in one hand the 
convexity of the exponential leads to conclude that (9 ■ S Tn — 9 ■ S Tn ) exp(—8 ■ S Tn ) is bounded from 
below by an integrable random variable. On the other hand, again the convexity of e x combined with 
Fatou's lemma imply that 

E (e-° s ^ (6 -6)- S Tn ) <0. 



Then, it is easy to check that (9 ■ S) Tn exp —{6 ■ S) Tn 
this with 



is an integrable random variable. By combining 
S Tn exp(-0™ • S Tn ) - e W (-9 n ■ S Tn ) log (e (exp(-9 n ■ S Tn ] 



E(eM-9 n -S Tn ) 



we deduce that Z™ n log(Z^) is integrable, and hence Z n is a martingale density for S° n that is LlogL- 
integrable. Then, by putting 

(n) 



n=l 



and applying Lemma 13.61 assertion (ii) follows immediately. This ends the proof of the theorem. □ 

Lemma 3.6. Let (r n ) n >i be a sequence of storing times that increases stationarily to T, and (N^) 
be a sequence of local martingale. Then, the process 

+oo 
n=l 

is a local martingale satisfying: 

(i) If£(N^) > for any n > 1, tfien 5 (AT) > 0. 

(ii) IfV^(N^) G Af oc {P) for anyn>\, then V^ E \N) G Af oc {P). 

(Hi) If S(N^) is a a-martingale density for S Tn for any n > 1, then £(N) is a a-martingale density 
for S. 
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Proof. It is obvious that 

n 

N Tn =J2 I lr k - 1 ,r k l-N^EMo,loc(P)- 
k=l 

This proves that N G (Mqj c(P)) 1oc = Mo,ioc(P), and £(N) > which is due to 

1 + AN = 1 + AiVW > on lr„_i,r„l, n > 1. 

Then, due to the definition of the operator given by (|3.17j) . it is also easy to remark that 

v( - E \ I Ja.rj ■ M ) = I\<t,t\ • V^ E \M) for any local martingale M (with 1 + AM > 0) and any pair of 
stopping times r and a such that r > a. Thus, we get 

n 
k=l 

Hence, we deduce (thanks to Lemma EJJ) that y( £ )(7V) G (^ c (-P)) ioc = ^ C ( P )- This ends the 
proof of assertion (i) and (ii) of the lemma. To prove the last assertion, we first remark that S(M) is 
a £r-martingale density for S if and only if there exists a predictable process (p such that < ip < 1 
and 

<p-S + ip-[S,M)eM ,ioc(P)- 

Therefore, since is a o"-martingale density for S Tn for each n > 1, then there exists </> n such 

that < n < 1 and 

y n :=0 n -S + n - [S T \N^] £M ,ioc(P)> Vn>l. (3.21) 
Put := ^]T fc _i,r fc ] ( / , fe- Thus, it is easy to prove that < <fi < 1, and 



■ • 5 + Cf> ■ [S, N]) T - = I}r k ^,r k ] ■ Yk € M ,loc(P)- 



k=l 

Hence, due to Lemma [27X1 again, we deduce that 

</>'S + <l>'[S,N] eM ,ioc(P), 

which is equivalent to the fact that S(N) is a d-martingale density for S. This ends the proof of the 
lemma. □ 



4 Application: Numeraire Portfolio/NUPBR/Weak Viability 

We start by recalling the definition of the numeraire portfolio. 

Definitions 4.1. A process X G X{xq) is called a numeraire portfolio under P if for every X G X(xq), 
the relative wealth process X/X is a supermartingale . 

It is easy to prove that the numeraire portfolio -when it exists- is unique. For other properties or 
more details about the numeraire portfolio, we refer the reader to [5], [3TJ, [39] and the references 
therein. Below, we will prove directly the stability of the numeraire portfolio under the localization. 

Proposition 4.2. Let (r n ) n >x be a sequence of stopping times increasing stationarily to T. If for each 
n, the stopped process S Tn admits a numeraire portfolio, then S also admits a numeraire portfolio. 
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Proof. For each n, let denote the numeraire portfolio for S Tn . Then, there exists a 1-admissible 

strategy, 9 n , for 5 T " such that = 1 + (0 n • 5 r " ) > 0, and 



1 + (g • £) r " 
1 + (0™ • 5) T « 



(4.22) 



is a supermartingale under P for any 1-admissible strategy 9. In particular for = 0, we use Fatou's 

-H 

Lemma and deduce that E ( 1 + (8 n ■ S Tn ) t 
S)- > and hence 



< 1 for any < t < T. This implies that 1 + (9 n ■ 



7r; 



l + 0n. ST" 



Put tq = and 



a(5 T ") and l + (6> n -S) T " = «S ((tt 71 • 5) r ") . 



i>l 



(4.23) 



Then, due to Theorem 9.19 in [23], we deduce that ir G and £ • S 1 ) > 0. Next, we will show 

that £(jr ■ S) is the numeraire portfolio for S. To this end, it is enough -due to Fatou's Lemma again 
- to prove that 

E{B ■ S) 



is a local supermartingale, 



(4.24) 



£{tt ■ S) 

for any 6 G L(S) such that 1 + 9 T AS > 0. To prove this fact, we first remark that for any stopping 
time t < T, we have £(tt • S) tAti = <f (vr 1 ■ S) tAti and 

^(^•^JrA^+x = || c ^ ?: ^ =£(7T-S) TATn ~ n> 1. 



£(7T l • S')rAr i _ 1 

Therefore, for any stopping time r < T, we calculate 



£ (7? n+1 • 5) 



tAt„ 



£(9 ■ S) TATn+1 



£(ir ■ S) 



T/\Tn+l 



E 



£(^.S) TATn £(9-S) rATn+1 



£(tt • S) TATn £{^+i . S) TATn+1 



< 



£(^ n+1 • s) TATn 

£(ir ■ S) TATn 
£(9 ■ S) rATn 



E 



£{9 ■ S) rATn+1 



£(9 n + x ■ S) T 



•^tAt„ 

-PtAt„ 



At„ + i 



£(tt ■ S) TATn 

Hence, by iteration and using Fatou's Lemma afterwards, we derive 



E 



£(9 ■ S) T 
£(ir ■ S) T 



< lim inf E 



£{9 ■ S) 



tAt„ 



£(ir ■ S) T 



At„ 



< E 



£ {9 ■ S) tAti 

£{K l ■ S) T . 



An 



< 1. 



Thus, a direct application of Lemma 14.41 (see at the end of this section) implies that £(tt ■ S) is a 
numeraire portfolio for S, and the proof of the proposition is achieved. □ 

Below we state the main result of this section. 

Theorem 4.3. The following properties are equivalent: 

(i) S satisfies NUPBR. 

(ii) The set Zi oc (S) (defined in \2.2\) ) is not empty. 
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(Hi) There exists a probability Q ~ P, such that for any utility U satisfying 13. 5\) and x G dom(U), 
there exists 9 G A a d m (x, U, S, Q) such that 

max E Q U( x + (0- S)t) = E Q U (x+(9- S)t) < +00. (4.25) 

0eA adm (x,u,s,Q) v ' V > 

(iv) For any e > 0, there exists Q e ~ P such that E\^r — 1| < e, and for any utility U satisfying \3. 5}) 
and x G dom(U), there exists 9 € G A a dm(x,U, S,Q e ) satisfying 

max E Qc u(x + (6- S) T ) = E Qi U ( x + (9 e ■ S) t ) < +00. (4.26) 

(v) For any e G (0, 1) there exist Q e ~ P and 9 e G A e ,i ■= A a dm{^, log, 5, Q e ) such that E\^^- — 1| < e 
and 

max £ Qe log^l + (0 • 5) T ) = log (l + (0 £ • 5) T ) < +00. (4.27) 

(vi) The numeraire portfolio for S exists. 

Remark: This theorem completely establishes the connection between the NUPBR, existence of so- 
lution to the log-utility maximization, existence of solution to utility maximization for any utility 
satisfying (|3.5p . and existence of the numeraire portfolio. To describe precisely the novelty of this 
theorem, we need to recall the existing literature related in a way or another to our theorem. The 
equivalence between (i) and (vi) of the theorem was established in |31| . Our proof is very different, 
sounds shorter, and less technical (it does not use semimartingale characteristics that are very powerful 
tools but not easy to handle). This equivalence between (i) and (vi) was also investigated by Becherer 
[S] and Christensen and Larsen [S]. These authors also explored the connection of (i) (or equivalently 
(vi)) to the existence of growth-optimal portfolio and the existence of solution to log- utility maximiza- 
tion. A very nice summary of these results can be found in the recent paper of Hulley and Schweizer 
(see Theorem 2.3. of [22] ). Precisely, this theorem claims the equivalence between (1), (2), and (3) 
below. 

(1) S satisfies NUPBR. 

(2) The numeraire portfolio X np exists. 

(3) The growth-optimal portfolio X 9 ° exists. 
If furthermore 



sup<^ E 



log Xt 



XeX(l), X- > 0, and E [(log X T )~] < ooj < 00, 



then the properties (1), (2), and (3) are also equivalent to the existence of the solution of the log- 
utility maximization. Our Theorem 14.31 clearly states the equivalence between all the four properties 
without any assumption and for any utility satisfying (|3.5|) . but with the appropriate formulation. 
This formulation uses the appropriate change of probability. More importantly, we show that this 
probability can be chosen as close as we want to P (but may not be equal to P of course). This can 
be seen a sort of weak viability. In economics, viability holds when one can find a utility (in larger 
sense than Definition I2.8|) and an initial capital such that corresponding utility-maximization admits 
solution under the original probability measure P. We call a weakly viable market if there is an agent 
with utility as in Definition 12.81 and satisfies ()3.5p and an initial capital for which the optimal portfolio 
exists under an equivalent probability (under an equivalent subjective belief than the real probability 
measure). Then, our theorem establishes the equivalence between the weak viability, NUPBR and 
existence of numeraire portfolio. 
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Proof, of Theorem \4-3\ The proof of this theorem will be achieved after three steps. The first step 
will focus on proving (i) -<=^> (ii) <^=^ {Hi). The second step will prove (i) <4=> (iv) <s=> (v), while 
the last step will deal with with (v) ==^ (vi) ==> (i). 

1) The equivalence (i) <^=r- (ii) is exactly Takaoka's result (see Theorem 12. 7p . 

The proof of (i) (Hi) boils down to the proof of (i) ==> (Hi), since the reverse implication follows 
directly from Theorem 13.21 Suppose that assertion (i) holds and due to the equivalence of (i) and (ii) , 
we consider Z G Z[ oc (S) (i.e. a c-martingale density for S). Then put 

Q: =W F ~ P - < 428 > 

Let U be a utility function satisfying (|3.5p and x E dom(U). Thus, in virtue of Remark ??, for any 
9 € A a dm(x,U, S,Q), Z(x + 9 ■ S) is a nonnegative local martingale, and hence a supermartingale. 
Then, by the concavity of U, it is easy to see that 

sup E Q U (x + (9 ■ S) T ) < U(x/E[Z T ]) < +oo. 
8eA adm (x,U,S,Q) 

Therefore, a direct application of Theorem 13 . 2 1 under Q implies the existence of a sequence of stopping 
times (r n ) n >i that increases stationarily to T and a sequence 9^ G A a dm(x, U, S T " , Q) such that 

sup E Q U(x+(9-S) Tn ) = E Q u(x + (9^-S) Tn ). (4.29) 

eeA adm (x,u,s^,Q) v y 

Due to Takaoka's result (see Theorem 12. 7p . we deduce that Zi oc (S) ^ 0, and hence a direct application 
of Corollary 12. 12\ we deduce the existence of (ai)i>\ (ai G (0, 1)), 6> G L(S), and a nondecreasing RCLL 
process C such that Co = 0, 

ai = 1, and x + ^ a^ (/) • S" T ' Fatou converges to x + 9 ■ S - C. (4.30) 

l=n l=n 

Hence, the proof of assertion (iii) will be completed if we prove 9 belongs to A a dm(x, U, S, Q) and it 
is optimal solution to ()4.25p . We start by proving the admissibility of 9. Due to Fatou's lemma and 
the concavity of U, we get 

E®U-(x + 9- S T ) < lim inf EflU~ (x + YT=n a ^ (0 ■ S n ) 

(4.31) 

< lim inf YT=n aiE®U-(x + 9® ■ S n ). 

If U(oo) < 0, then we have 

m„ m„ 

Y aiE Q U-(x + 0® -S n ) = -J2 a t E Q U(x + 6® ■ S n ) < -U(x) < +oo, 

l=n l=n 

and the admissibility of 9 follows immediately from this inequality and (|4.3ip . Suppose that U(+oo) > 
0. Then, there exists a real number r such that U (r) > 0, and the following hold 



lim inf aiE Q U- (x + 9 {l) ■ S n ) 

l=n 

< lim inf ^2 ai E Q U(r + x + 9 {l) ■ S n ) - U(x) ( - A22 > 

l=n 

<u(^k)-U(x)<+oo. 
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This combined with (|4.3ip completes the proof of 9 G A a dm(x, S, Q). Furthermore, we get U(x + 9 ■ 
St) G L l {Q). Next, we will prove the optimality of the strategy 9. To this end, we will start by 
proving 

m„ 

E Q U(x + 9- S T ) > \imsupE Q U(x + ^a/0 W • S n ). (4.33) 

l=n 

If U (+oo) < 0, then the above inequality follows immediately from Fatou's lemma. Suppose that 
U(+oo) > 0. In this case, by mimicking the proof of Lemma 3.2 of |27j . we easily prove that 

{ m„ "| 
U(y n ) : n > 1, y n := x + arf^ ■ S Tl > is Q-uniformaly integrable. (4.34) 
l=n ) 

Denote the inverse of U by : (£7(0+), ?7(+oo)) -> (0,+oo). Then we derive £; Q [0(LT(y n ))] < x/E(Z T ) 
and due to l'Hospital rule and (|3.5p we have 



hm = hm —— = hm = +oo. 

a;->C/(+oo) x y-*+oo U{y) y^+oo U'{y) 

Then, the uniform integrability of the sequence (U(y n )) n >i follows from the La-Vallee-Poussin argu- 
ment. Then, (|4.33|) follows immediately from this uniform integrability and (|4.30|) . Therefore, we 
obtain 



E Q U(x + 9- S T ) > HmsupE Q U(x + Y j ai^ l) ■ S Tl ) 

l=n 

> lim sup ^2aiE Q U(x + 9 ( - l) ■ S n ) 

l=n 

m n 

> lim sup ^2aiE Q U(x + e9 ■ S Tl ) (4.35) 

l=n 
m„ 

> \imm{^2aiE Q U(x + e8- S Tl ) 

l=n 

> E Q U(x + e8 • S T ) (4.36) 

> (1- e)U{x) + eE Q U{x + 9 ■ S T ), 

for any 9 G A a dm(x, S, Q), and any e 6 (0, 1). It is clear that the optimality of 9 follows immediately 
from the above inequalities by taking e to one. It is obvious that (|4.35|) follows from (|4.29|) . while 
(|4.36p follows from Fatou's lemma and U(x + e{9 ■ S) Tn ) > U((l — e)x) > —oo. This proves assertion 
(hi), and the proof of (i) <J=^ (m) is achieved. 

2) The proof of (i) <^=^ (iv), can be obtained by following exactly the same arguments as in the proof 
of (i) <^=^ (Hi) as long as we find Qs equivalent to P whose density converges to one in L X (P) when 5 
goes to zero, and for any 5 > 0, Qs has the same features used in the proof of (i) <J=^ (in). To prove 
that this latter claim holds, we consider 5 G (0, 1) and define 

/r r, qs ■= 7~ — ) Z s := := q s C s , Qs ■= Z s ■ P ~ P (4.37) 



E\Z T \ S + q' ° ' E{ 
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It is very easy to check (|4.25|) has a solution under this Q$ for any 5 > 0, and this probability has the 
same features as Q of part 1). Then, due to 

we deduce that Zg is positive, bounded by (An) -1 , and converges almost surely to one when 5 goes to 
zero. Then, the dominated convergence theorem allows us to conclude that for any e > there exists 
5 := 5(e) > such that E\Z^ — 1| < e. This ends the proof of the equivalence (i) <^=^> (iv). 

The equivalence of (i) <^=^ (v), can again be easily proved the same way as the proof of (i) <^=^ (iv) 
by taking the log utility. 



1 + 



An 



3) In the remaining part of this proof, we will prove (v) =^ (vi) =^ (i). Suppose that assertion 
(v) holds (and hence we have Z[ oc (S) / 0). Then, it is easy to see that assertion (v) implies the 
existence of numeraire portfolio under each Q e . Then, we deduce that for any n > 1, there exists 
< Z n = C n q n G L l (P) (here q n = n + q -i where q is given by (|4.37p ). converges to one in L^-(P) and 
W n a numeraire portfolio for S under Q n := Z n ■ P. 

Then, a direct application of Corollarv l2.12l we deduce the existence of (a n ) n >i (a n £ (0, 1)), 8 G L(S), 
and nondecreasing process C such that Co = and 



^ ai = 1 and ^ a-kWk is Fatou convegent to W = x + 9 ■ S — C =: W — C. 



k=n 



k=n 



Let W G X(x) be a wealth process, b G (0, 1), a > 1, and r be a stopping time. Then, there exists 
a sequence of stopping times (rk)k>i that decreases to r and takes values in (Q + n [0,T[) U {T} such 
that 

on {r < T} T > > r, and on {r = T} = T. 



Then, due to Fatou's Lemma, we get 

E(S^ a a] <E(^Aa) < liminf n liming E 

\W T J \W T J 



W, 



i~k 



ET=n^m(r k . 



A a 



< lim inf n lim inf & E 



f^ ai W l (r k ) 

.l=n 



A a 



Since q n := is increasing in n, then for any I > n and any k we have 



{E(q n \F Tk ) >b}c {E( qi \F Tk ) >b} = {l<b 



a 



E( m \T Tk )b-'}. 
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Hence, we derive 



E 



E 

,l=n 



w. 



a, 



A a) = E 



A al 



{E(q n \T T ,)<b} 



+ 



E 

.l=n 



a, 



A al 



{E(q n \F T ,)>b} 



< aP[E{q n \F Tk ) <b) + b- l E(^ 



< aP(^(g„|-F Tfc ) <b) +b- 1 Y, 



l=n 

ci 

1=1 1 

Since both C n and q ri converge to one when n goes to infinity, and E(q n \F Tk ) converges to E(q n \F T ) 
when k goes to infinity, then it is obvious that 

aP(E(q n \F Tk ) < b) + b^ 1 77 converges to b^ 1 



l=n 



when k and afterwards n goes to infinity. Hence, we deduce that 



E 



Aa < b 



-1 



for any 6 G (0,1), a > 1, and any stopping time r. Thus, by taking b to one and a to +00 and using 
Fatou's Lemma we deduce that 

El Ski. 



A straightforward application of Lemma l4.4l (see at the end of this proof) leads to the conclusion that 
W is a portfolio numeraire under P for S. The proof of assertion (vi) is completed. 

The proof of the remaining implication (i.e. (vi) =^ (i)) is easy, and will detailed below for the sake 
of completeness. Suppose that there exists a numeraire portfolio for (S,P) that we denoted by W* . 
Then, for each 6 G X(l), 

1 + 9- S 



W* 

As a result, for all c > 0, we obtain 



is a nonnegative supermartingale. 



P 



l + (6-S) T 



> c < c- l E 



x rl + (0-S) T 



}<«r>. 



This clearly implies the boundedness of /C(l) in probability and hence S satisfies NUPBR. This ends 
the proof of the theorem. □ 

Lemma 4.4. Let X be any RCLL semimartingale, and tt G L(X) such that £(tt ■ X) > 0. Then, the 
following are equivalent: 

(i) For any ir G L(X) such that £(tt ■ X) > 0, and any stopping time, t, we have 

-£(tt-X) t - 



E 



< 1. 



-£(tt-X) t 

(ii) For any n G L(X) such that £(ir ■ X) > 0, the ratio £(ir ■ X)/£(tt ■ X) is a supermartingale 



(4.38) 
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Proof. It is clear that (ii) =^ (i) is obvious and its proof will be omitted. Suppose that assertion (i) 
holds, and consider ir E L(X) such that £(ir • X) > 0. Then, for any r and a two stopping times such 
that r < a P — a.s. and A G J>, we put 



_ ~ T . j { r on A 

* ■= *"]0,t a ] + T-']TA ) +oo[ > T A •= I +Qo Qn Ac 



Then, we easily calculate 

£(W-X) a S(tt ■ X) T S(tt ■ X) a 



£{tT-X) (t S(7T ■ X) a £(?T • X) T 

Therefore, a direct application of (|4.38p for W and a, we obtain 

• £(tt • X) T S(tt ■ X) a 



I A + I A" 



.£(n ■ X) a £(ir ■ X) 

for any A £ T T . Hence, the supermartingale property for £ (it ■ X)(^£(tt ■ X)j follows immediately, 
and the proof of the lemma is achieved. □ 
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